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general anisotropic elastic materials and composites. For the two-dimensional V-notches, Szabó and Yosibash (1996) obtain first a conventional finite element method solution for the entire domain, which was then used as boundary conditions of a small sub-domain around the notch tip. Then a special finite element formulation in conjunction with the assumption of the asymptotic expansion of the displacement field in the sub-domain, where the singular eigenpairs have been obtained by other methods, is used to extract the GSIFs. Evidently, the efficiency of the method depends on the accuracy of the preliminary FE solution. Matsumoto et al. (2000) derived a boundary integral expression of the interaction energy release rate for a cracked body and computed the stress intensity factors of bimaterial interfacial cracks. Based on the analytical expressions of the local stress field near a V-notch tip, Atzori et al. (2002) estimated the fatigue strength of welded joints with notches in aluminum alloys at a given number of cyclic loading. With the solutions of stress singularities, Labossiere and Dunn (1999) and Hwu and Kuo (2007) computed the stress intensity factors through the near tip displacement and stress fields from the conventional finite element analysis as well as the calculation of the path-independent H-integral (Stern et al., 1976) . Based on a critical interface corner stress intensity factor, Reedy and Guess (1993) gave a failure criterion for the strength of the adhesively bonded butt tensile joint. Gómez and Elices (2003) presented a simple approximate formulation of fracture criterion for sharp V-notches of some materials, such as steel, aluminum PMMA and PVC. Utilizing the results of the GSIFs, Livieri and Lazzarin (2005) evaluated the fatigue strength of steel and aluminum welded joints as a type of V-notched structures by studying on a large amount of experimental data. By using coherent gradient sensing (CGS) method, Yao et al. (2006) experimentally studied mode-І stress singularity and fracture behaviors of V-notch tip.
At present, the most commonly used numerical methods to determine stress distributions of a V-notch are the finite element and boundary element methods (BEM). The conventional FEM (Pageau et al., 1995; Mohammed and Liechti, 2001 ) and BEM (Tan et al., 1992; Xu et al., 1999; Ioka et al., 2007) usually use very fine meshes in the vicinity of the notch tip to simulate the singular stress field. Then the stresses or displacements at some mesh points near the notch tip are used to determine the GSIFs by the extrapolation technique. However, any further increase of element number has very limited impact on improving the accuracy of the approaches. This is because the conventional elements near the notch tip can not reflect the essence of the stress singularity in the tip region. It is well known in the finite element analysis that the "quarter-point" element (Henshel and Shaw, 1976; R.S. Barsoum, 1976) at crack tip can efficiently model the singular stress field near the crack tip, in which the mid-side nodes near the crack tip are placed at the quarter point. Subsequently the idea was introduced to the BEM by Blandford et al. (1981) . In fact, the shape functions of the quarter-point element can only represent stress singularity of order -1/2 that is correct for line cracks of isotropic materials. Unfortunately the quarter-point element is not suitable to model the stress field near a V-notch tip. Researchers have been trying for some time to construct a singular element for modeling stress fields in the notch tip region. To the authors' best knowledge, it has not been very successful.
On the basis of asymptotic expansion of the stresses near a V-notch tip, a special finite element method was recently used to deal with some V-notch problems. For V-notches and line cracks, according to the singular stress fields of the type Seweryn (2002) took two or three dominating stress eigen-functions as analytical constrains in the notch tip region. Then the resulting elements in terms of the analytical constrains were applied to model the stress field in the core region around the notch tip. The remaining area of the notched structure can be modeled using the conventional FEM. This approach requires predefined analytical stress eigen-functions. For the V-notch of isotropic materials subjected to various boundary conditions, Seweryn and Molski (1996) gave the analytical solutions of the eigen-functions, and explicit closed-form eigen equation, from which the eigenvalues can be determined by an iteration technique. However the analytical stress eigen-functions are not always acquirable for general V-notch problems of bonded dissimilar multi-material. To address this problem, some approximate stress eigen-functions were proposed to construct the stress functions. For example, using the FEM, Carpinteri et al. (2006) calculated the first leading singular exponent and the ModeⅠ stress amplitude for a multi-layered beam with a crack or re-entrant corner that forms symmetrically a bimaterial interface. Chen and Sze (2001) proposed a hybrid finite element with asymptotic expansion to determine the stress exponents and stress distributions of bonded bimaterial V-notches. On the basis of this work, Sze et al. (2001) and Chen and Ping (2007) developed the approach further and used it for the analyses of singular electro-elastic fields around a V-notch of piezoelectric material. By the same method, Ping et al. (2008) analyzed the singular stress fields of V-notched anisotropic plates.
In this study, a new BE approach is proposed to determine the singular stress fields of plane V-notch structures in conjunction with asymptotic expansions of the stress distribution near the notch tips. To find the stress field near a tip, a small sector around the notch tip is isolated from the V-notch structure as a free body. Based on the expression of the asymptotic expansion, the evaluation of stress singularities in the notch tip region is transformed into an eigenvalue problem of ordinary differential equations (ODEs). The eigenvalue problem is then solved by the interpolating matrix method (Niu, 1993) to obtain the singularity orders and the associated eigenvectors of the V-notch. Further to the eigen-analysis of the small sector, the boundary integral equation is applied to treat the remaining region of the notched structure. Thus the displacement and stress fields of the V-notch structure and the notch SIFs are finally determined.
The eigen-analysis of the stress singularities of the plane V-notch problems
Let us consider a plane V-notch of isotropic material with an opening angle
as shown in Fig. 1 . Define a polar coordinate system,    , with an origin at the notch tip. Two radial edges of the notch are denoted by 1    and 2    .
A small sectorial region R  within the range of a radius R of the V-notch tip is cut out from the solid region  of the V-notch structure as shown in Fig. 2(b) . The remaining part of the notch structure is referred to as region   (See Fig. 2 (a)）. There are
In the linear elasticity, it has been verified that the asymptotic displacement field in the notch tip region can be expressed as a series expansion with respect to the radial coordinate  originating from the notch tip . A typical term of the series can be written in the form
where the exponent k  is called stress singularity order; ) (  k u and ) (  k u are the associated eigen-functions which represent the displacement components in the  -and  -directions, respectively; k A is the amplitude coefficient of each term of the asymptotic expansion (called also the generalized/notch stress intensity factor). Substituting Eq. (1) into the strain-displacement relations of the linearly elastic theory yields the strain components.
Then from Hooke's law of plane stress problems, the components of the plane stress tensor are expressed as 
The three plane stresses are
Note that the eigen-pairs in Eq. (1) do not depend on load conditions. In the small sectorial region R  , the body forces can be neglected and the equilibrium equations are
Introducing Eq. (2) into Eq. (4) and removing the common factor
from the equations lead to a set of ordinary differential equations (ODEs) as follows
The appearance of 2 k  in Eq. (5) results in a nonlinear eigen problem that is difficult to solve.
Here an alternative approach is adopted to transfer the equations into a linear eigenvalue problem. To this end, two new field variables are introduced as below
Assume that all the tractions on the two edges, 1  and 2  , near the notch tip are zero. That
Substitution of Eq. (2) into Eq. (8) yields the boundary conditions as follows 2 1 and 0
If the edges are fixed along either 1  or 2  , the boundary condition can easily be expressed
By the above derivation, the evaluation of the singularity orders and the associated eigen-functions  ũ and  ũ near the V-notch tip is transformed to the solution of a linear eigenvalue problem of the ODEs governed by Eqs. (6) and (7) Furthermore, for the analysis of plane V-notch problems of bonded dissimilar multi-materials, including orthotropic and anisotropic materials, the same deduction process as shown above can be implemented to compute eigen solutions of the associated ODEs. It is obvious that Eqs. (6) and (7) are valid for each sub-domain with a single material for analyzing the stress singularity orders near the interface tip of the dissimilar multi-material.
This process will produce a set of ODEs that are similar to Eqs. (6), (7), (9) and (10). By solving the eigenvalue problem of the ODEs, the singularity orders and the associated eigen-functions near the notch tip of the dissimilar multi-materials are then determined.
To determine the stress singularities of the V-notch as described above, the ODEs need to be solved first. Niu ( 
The BE analysis of the stress fields and SIFs for the plane notch structures
For a plane notch structure, the displacement components in the vicinity of the notch tip can be expressed with the following expansion as )
are the associated amplitude coefficients with dimension
is the truncated number of the eigenvalues. The k A corresponding to the eigen-pairs of
are equivalent to the generalized stress intensity factors of the V-notch. In general, the more terms Eq. (11) takes, the bigger is the region around the notch tip that is valid for the displacement solution described by Eq. (11). The eigenvalves k  and the
are usually complex and can be obtained by solving Eqs. (6, 7, 9, 10). The solutions can be expressed by
; subscripts "R" and "I" represent the real and imaginary parts of a complex variable or function, respectively. After introducing Eq. (12) 
（13）
Considering Eqs. (2) and (3), the stress components in the vicinity of the notch tip are denoted also by the asymptotic expansion as follows
Inserting Eq. (12) into Eq. (3) yields 
Substituting Eqs. (12) and (15) into Eq. (14), then taking the real parts of )
, respectively, one obtains the following stress components: respectively. The transformation of the displacements and tractions from the polar coordinate system to the Cartesian coordinate system is shown below. 
Substituting Eqs. (13) and (16) 
Thus, the displacements i u and tractions i t on the inner boundary R   of the remaining region   (See Fig. 2(a) ) are represented by the solutions of the eigen-analysis of the ODEs in Section 2.
To determine the displacement and stress fields of the plane V-notched structure, the new technique proposed here requires division of the regions   and R  as shown in Fig. 2 .
Firstly, the solutions of the stress singularities in the small sector R  are evaluated by analyzing the eigenvalue problem of the ODEs shown by Eqs. (6, 7) and the boundary conditions of Eqs. (9) and (10). In the present paper, the interpolating matrix method (Niu, 1993 ) is adopted to solve the ODEs, which can provide the solutions of the top N dominant singularities, including k (20, 21) are unknown quantities that will be determined in the next step.
Let us consider now the remaining region   (See Fig. 2(a) ). There is no stress singularity in   . Therefore the conventional BEM is capable of analyzing the part described by   without other special treatment. The boundary
of   is divided into meshes. The boundary integral equation is written as follows
where y is the source(load) point; x the field point; j b is the body force per unit volume; j u and j t ) 2 , 1 (  i are, respectively, the displacements and tractions on for smooth boundary points; ij  is the Kronecker delta. For a plane strain problem of an isotropic homogeneous medium, the fundamental solutions are Fig. 3 . Geometric configuration around a source point y on boundary. 
Note that for the region   ,
is the outer boundary of the notch structure and R   is an inner boundary which arises from the separation of the regions   and R  .
M nodes are generated on
from the division for the BE analysis and n points are chosen on R   for the interpolating matrix method. The nodal displacements and tractions at all the nodes on
are expressed, respectively, by the displacement 
at the n points on R   have been obtained from the previous eigen-solutions of Eqs. (6, 7) and (9, 10) by using the interpolating matrix method with
remaining as unknowns. The amplitude coefficients in Eq. (11) are the components of vector  A
It is well known that the BEM is a technique to transform the boundary integral equation into a set of algebraic equations. After Eq. (22) is discretized by the boundary elements on
, any unknown functions in Eq. (22) 
The combination of Eqs. (26) and (27) gives
Eq. (28) 
where the kernel functions 
 is a complex number (Rice, 1988) ,
The notch SIFs represent the strength of the singularity at the sharp notch tip and are the important parameters of interest.
Numerical examples
Example 1. Consider a V-notch plate of isotropic material under uniaxial tension as shown in Fig. 4(a) . (c) BE mesh division along the boundary of the remaining structure. by Williams (1952) . The results of Seweryn (2002) , obtained using a special FEM in conjunction with an analytical stress expression, are also shown in the tables for comparisons.
To obtain Seweryn's results, half of the notch structure, due to symmetry, was discretized with 152 six-node triangular elements. Table 1 The eigenvalues k  of the mode I eigen-functions Table 2 The eigenvalues k  of the mode II eigen-functions The BEM is adopted next to analyze the remaining structure (Fig. 4(c) ) excluding the small sector around the notch tip (Fig. 4(b) ). The boundary
of the remaining structure is divided by 80 iso-parametric quadratic elements with 160 nodes. The fictitious boundary R   is divided by 48 iso-parametric quadratic elements with 96 nodes, where the displacements and tractions at all the nodes on R   have been represented by Eqs. (20) and (21) (22, 29) . Table 3 shows the values
. Table 3 The stress amplitudes k A corresponding to k  when
mm ) 2.51E-09 5.17E-12 1.31E-09 4.80E-10 -7.94E-07 -2.56E-06 1.13E-04 -3.51E-04
mm ) 0.00E+00 0.00E+00 -4.03E-10 -8.41E-09 1.37E-06 -2.35E-06 4.55E-04 9.72E-04 Table 4 The notch SIF ) from Chen (1995) .
Substituting the k A into Eq. (30) yields the notch stress intensity factors. Table 4 The results are compared with Chen's solution (1995) that was obtained by using the body force method. Due to symmetry, mode II notch SIF does not exist in this problem. This can be seen from Table 3 where the value of 2 A , which is associated to II K , is nearly zero in
It is observed in Table 4 that for any fixed value of N, the SIFs are all in good agreement with the existing results (Chen, 1995) . This demonstrates that the present approach is numerically stable for evaluating the stress fields of notch structures in terms of the radius R .
In Table 4 we can also see that all the computed I K by taking number 2  N are very close to those obtained by taking 4  N . It shows that the first two terms in the asymptotic expansion of Eq. (11) dominate the singular stress field in the notch tip region for the homogeneous and isotropic material. Although higher order terms in Eq. (11) do not make significant contributions to the notch SIF of the first order, the inclusion of them in the solution is still important and can improve the accuracy of the stress solutions in the tip region.
Especially, the higher order terms are becoming more significant in the stress expression Eq.
(16) as  increases. In addition, notch SIFs of higher orders exist in many notch structures and have to be determined by the solutions of higher order terms. It is worth to mention that in the past studies on notch structures, only a few researchers have mentioned and dealt with higher order terms because of the analytical difficulties. (Chen, 1995) . The relative difference is calculated by Table 4 , where Chen, 1995) , the best solution of I K from the conventional BE analysis at which l  is 6.25% (see Fig. 5 ) and the relative difference between the two solutions increases to  =1.08%. Further tests, which are not shown here,
confirmed that a refinement of the meshes in the tip region helped little in improving the accuracy of the results shown in Fig. 5 . Due to symmetry, only one half of the plate is considered in the analysis, as shown in Fig.6(b,c) . After the stress singularity orders and eigenvectors of the small sector of radius R are obtained by the interpolating matrix method, the new BEM technique is adopted to evaluate the displacement and stress fields of the crack plate which is divided by two sub-domians, as shown in Fig. 6(c) . In the calculation, 1.3%  a R , and 96  n are taken.
The boundaries of the two sub-domains are divided by 158 quadratic elements with 316 nodes. The idea of the present method to analyze the V-notch structures is similar to one of Chen and Sze (2001) . Chen and Sze (2001) used the full-field finite elements to analyze the V-notch/crack structures. In the similar case as Fig. 6(a) , Chen and Sze (2001) It can be seen that the present BEM is to apply less node number (unknown quantities) than the hybrid FEM for analyzing the notch/crack structures with the similar way. Table 6 The SIF 
Example 3. Consider a plate with an inclined V-notch subjected to uniaxial tension load as shown in Fig. 7 The dimensions of the plate are mm
.  is the inclined notch angle.  is the angle between the bisector of the notch angle and the x 1 -axis. , respectively. Table 7 The notch SIFs of the inclined V-notch plate ( Present method Chen(1995) 
Conclusions
In conjunction with an asymptotic expansion of the stress distribution near the notch tip, a new BEM has been proposed in this paper to determine the singular stress fields of plane V-notch structures.
For a plane V-notch structure, the new method treats it as an assembly of two parts, i.e., a small sector of material around the notch tip and the remaining part of the structure. The stresses and displacements of the small sector are represented by asymptotic expansions. On the basis of the liner elasticity theory, the evaluations of the stress singularity orders and the associated displacement/stress eigen-functions were transformed into an eigenvalue problem of ordinary differential equations. The interpolating matrix method was applied to solving the eigenvalue problem with both the eigenvalues and the eigenvectors being obtained simultaneously. The displacements and tractions along the arc of the sector were expressed as a linear combination of the terms from the series expansions with different singularity orders.
In fact, the small sector can be thought as a super singular element around the notch tip, and the displacement/stress eigen-functions obtained through the eigen-analysis are essentially equivalent to a series of shape functions of the singular element for modeling the displacement/stress distribution. Since the remaining part has no stress singularities, the conventional BE is sufficiently accurate to predict the displacement and stress distributions. A combination of the two solutions finally provided the stress fields of the sector and the remaining structure as well as the notch SIFs.
In contrast to the conventional BEM and FEM, the proposed BE approach does not require fine meshes near a V-notch tip. Another advanced feature of the new method is that, both the basic and higher order stress singularities can be revealed simultaneously through the asymptotic expansion and eigen-analysis. Using the present method, the fracture analysis of complex geometric and load conditions becomes possible and accurate.
Three numerical examples have been given to show the application of the new method on V-notch/crack plates made of isotropic materials. For V-notch plates with different geometry, the stress fields and the notch SIFs were computed for different values of the radius R and the expansion term number N. Through comparisons with alternative solutions available in the literature, it can be concluded that the new method is an accurate and effective tool for modeling singular stress fields in V-notch structures.
The present technique can be further developed to evaluate the stress distributions and the generalized SIFs of junctions, inclusions and V-notches in bonded dissimilar multi-material. In these cases, high order stress singularities are needed and can be obtained by the present method. This will make it possible for fracture criteria associated to these complex cases to be established. Future work is in progress in order to establish new fracture criteria on the basis of equivalent energy release rate of different V-notch angles.
